This paper is dedicated to present a Ritz-type analytical solution for buckling behavior of two directional functionally graded beams (2D-FGBs) subjected to various sets of boundary conditions by employing a third order shear deformation theory. The material properties of the beam vary in both axial and thickness directions according to the power-law distribution. The axial, transverse deflections and rotation of the cross sections are expressed in polynomial forms to obtain the buckling load. The auixiliary functions are added to displacement functions to satisfy the boundary conditions. Simply supported -Simply supported (SS), Clamped-Simply supported (CS), Clamped -clamped (CC) and Clamped-free (CF) boundary conditions are considered. Computed results are compared with earlier works for the verification and convergence studies. The effects of the different gradient indexes, various aspect ratios and boundary conditions on the buckling responses of the two directional functionally graded beams are investigated.
INTRODUCTION
With the advance of the production technology, the functionally graded materials (FGMs) which can be classified as advanced materials formed of two or more different materials whose volume fractions vary continuously in a required direction have been developed to satisfy the new demands of military, aerospace, nuclear energy, biomedical, automotive, marine and civil engineering applications. It has received great attention from researchers due to its lower transverse shear stresses, high resistance to temperature shocks and no interface problems through the layer interfaces . In some engineering applications, the FGMs with material properties only varying in one direction are not efficient to fulfill the technical requirements such as the temperature and stress distributions in two or three directions for aerospace craft and shuttles [23] .
To obtain more effective high-temperature resistant materials, a new type FGM with material properties varying in two or three directions is needed. However, the number of the studies related to the mechanical and thermal behavior of two-directional FG structures is still very limited. Based on the the Element Free Galerkin Method, 2D steady-state free and forced vibrations of two-directional functionally graded beams (FGBs) are investigated in [24] . Bending and thermal deformations of FGBs with various end conditions are obtained by employing the state-space based differential quadrature method [25] . The static and free vibration analysis of two-directional FGBs is investigated in [26] by obtaining a symplectic elasticity solution. The fully coupled thermomechanical behavior of bi-directional FGM beam structures is studied using an isogeometric finite element model in [27] . Free and forced vibration of Timoshenko two directional functionally graded beams under a moving load is investigated in [28] for the case that the material properties of the 2D-FGB vary exponentially through the length and height directions. Based on the power-law distribution of the material properties, the buckling of Timoshenko beams composed of two directional FGM is studied in [29] . The static behavior of the two directional FGBs by using various beam theories is presented in [30] . An analytical solution for the static deformations of the bi-directional functionally graded thick circular beams is developed based on a new shear deformation theory with a logarithmic function in the postulated expression for the circumferential displacement in [31] . The flexure behavior of the two directional FG sandwich beams by using a quasi-3D theory and a meshless method is studied in [32] . The bending and buckling analysis of two-directional functionally graded plates are investigated by employing a new third order shear deformation theory via finite element method [33] . By employing a third order shear deformation theory and exponential material distribution, the free vibration behavior of the 2D-FGBs is investigated in [34] .
As it is seen from above discussions, one may easily notice that the most of the studies are related to the static, dynamic and buckling analysis of conventional functionally graded (1D-FG) beams and the number of studies regarding to 2D-FGBs is very limited. According to the best of author's knowledge, there is no reported work on the buckling analysis of the two directional FGBs based on a third order shear deformable beam theory. Shear deformation may have a significant effect on the buckling loads of the thick two directional FGBs, so that a third order shear deformation theory should be considered for this problem. This paper focuses on the bifurcation buckling of 2D-FGBs based on the power-law variation of material properties with various end conditions, aspect ratios and gradient indexes.
THEORY AND FORMULATION

Homogenization of Material Properties
Consider a two-directional functionally graded beam as shown in Fig. 1 with length L, width b and thickness h. The beam is made of two different constituents. The material properties vary both in the x (along the length of the beam) and z (thickness direction) directions. The origin of the coordinate system is at the midpoint of the beam. In this study, the rule of mixture is used to find the effective material properties at a point. The effective material properties of the beam, Young's modulus E and shear modulus G can be given by
where 1 , 2 , 1 and 2 are the material properties of two constituents, 1 and 2 are volume fractions of the constituents. The relation of the volume fractions can be expressed as follows; Figure 1 . Geometry and coordinate of a two-directional FGB 1 ( , ) + 2 ( , ) = 1 (2) According to the power law variation, the volume fraction of the constitute 1 can be given by
where and are the gradient indexes which determine the material properties through the thickness (h) and length of the beam (L), respectively. When the and are set to zero then the beam becomes homogeneous. The effective material properties can be found by using the Eqs. (1), (2) and (3) as follows [29] ,
Third Order Shear Deformable Beam Theory
The following displacement field is given for the third order shear deformation theory (Reddy Beam Theory (RBT)) [5] ( , ) = ( ) + ( )
Here and are the axial and transverse displacements of any point on the neutral axis, the rotation of the cross sections,
using the Eq. (5), the strain-displacement relations of the RBT are given by
The stress-strain relationship of a two directional functionally graded beam in the material coordinate axes is given by
where ( , ) are the stresses and ( , ) are the strains with respect to the axes.
Variational Formulation of Buckling of TwoDirectional Functionally Graded Beam
The strain energy of the beam including the energy associated with the shearing strain can be written as
where is the volume of the beam. By substituting Eqs. (6) and (7) into Eq. (8), the strain energy can be obtained as the form of
The stiffness coefficients can be introduced as follows
Using Eqs. (4), (10), (11), (12) and (13), the strain energy can be rewritten as
The total potential energy of the external axial load ( 0 ) can be given by
Using Eqs. 14 and 15, the total potential energy (Π) can be obtained by:
Therefore, the displacement functions ( ), ( ) and the rotation function ( ) are presented by the following polynomial series which are satisfy the kinematic boundary conditions given in Table 1 .
where , and are unknown coefficients to be determined, ( ), ( ) and ( ) are the shape functions which are proposed for the boundary conditions (BC) to be studied within this paper and and ( = , , ) are the boundary exponents of auxiliary functions related with the boundary conditions given in Table 2 . Table 1 . Kinematic boundary conditions used for the numerical computations. 
where [ ] are the stiffness matrices and [ 0 ] is the geometic stiffness matrix. All the matrices are symmetric in size mxm. The components of the stiffness matrices are given by:
NUMERICAL RESULTS
In this section, a number of numerical examples are studied to verify the accuracy of the present method and understand the effects of gradient indexes (or material composition), aspect ratios (L/h) and boundary conditions on the buckling behavior of the two directional FGBs. The material properties of the two constitutes are given as follows
The height of the beam is varied to examine the effect of the shear deformation. Four different boundary conditions, namely simply supportedsimply supported (SS), clamped-simply supported (CS), clamped-clamped (CC) and clamped-free (CF) are considered. The following dimensionless buckling load ( � ) parameter is used for the representation of the results; [22] [23] in terms of dimensionless critical buckling load ( � ) are used for comparison purposes in Table 3 . It can be seen that the solutions converge quickly for the buckling behavior of SS and CF beams, when the number of terms in the displacement function is set to 6. However, the agreed results are obtained for CC boundary condition by employing 8 terms in the displacement function as given in Table 3 . For the sake of accuracy, 8 terms in the polynomial expansion is employed for the extensive buckling analysis of two directional FGBs. In Tables 4-7, the first three dimensionless critical buckling loads of the 2D-FGBs with SS, CS, CC and CF boundary condtions are presented for two different aspect ratios (L/h=5 and L/h=20) and various gradient indexes in both directions (p z and p x ). It is seen that that the first three critical buckling loads decrease for all type of end conditions while the gradient indexes increase. It is found that the shear deformation effect becomes very important when the buckling mode number increases. For CC beams, the relative difference between critical buckling loads with respect to variation of the aspect ratio increases as the order of buckling mode becomes higher. For instance, the first dimensionless critical buckling loads of a CC beam with p z =1 and p x =1 are � 1 = 50.0389 and � 1 = 68.7433 for L/h=5 and L/h=20, respectively. On the other hand, the third dimensionless critical buckling loads are � 3 = 102.0339 and � 1 = 257.1947 for L/h=5 and L/h=20, respectively. The relative difference can be obtained by taking the value of the aspect ratio L/h=5 as a reference. The relative difference is % 37 and % 152 for the beams whose aspect ratios are L/h=5 and L/h=20, respectively. These results can be compared with ones given in [29] . It is clear that the relative difference is the least for CF beam while it is the most for CC beam. And finally, the reduction in the dimensionless critical buckling load because of the gradient index variation in the x direction is more than the gradient index variation in the z direction. To illustrate the effect of gradient indexes (p x and p z ) and aspect ratios on the dimensionless buckling loads of the 2D-FGBs for all type of boundary conditions, Figs 2 to 5 are plotted. It is observed that the dimensionless critical buckling load decreases with the increase of the gradient indexes. This is because the rigitdity of the beam decreases. Moreover, with the increase of the aspect ratio, the critical buckling loads become very close to each other after in the region of , /ℎ ≥ 25 for SS and CS, /ℎ ≥ 15 for CF and /ℎ ≥ 35 for CC. On the other hand, for CC beams, the effect of the shear deformation is significant in the region of /ℎ ≤ 15. It reveals that the effect of the gradient index in the x direction on the dimensionless critical buckling load is more significant than the gradient index in the z direction for all type of boundary conditions.
The first four normalized buckling mode shapes of the two directional FGBs for all type of boundary conditions are presented in 
CONCLUSION
In this study, the buckling behavior of the two directional functionally graded beams having different boundary conditions is presented. Analytical polynomial series solutions are derived for Simply supported -Simply supported (SS), Clamped-Simply supported (CS), Clampedclamped (CC) and Clamped-free (CF) boundary conditions by employing various gradient indexes in both axial and thickness directions. The effects of the boundary conditions, gradient indexes and aspect ratios on the cirtical buckling load of the 2D-FGBs are discussed. By using auxiliary functions the boundary conditions are satisfied. Based on the results obtained by extensive analysis, it is clear that the dimensionless buckling load of the 2D-FGBs is greatly affected by the gradient indexes. However, the effect of the gradient index in the z direction is more significant than the the gradient index in the x direction. To meet the design requirements, the buckling behavior of the 2D-FGBs can be controlled by selecting suitable gradient indexes. As the aspect ratio increases, the shear deformation effect on the critical buckling loads of the 2D-FGBs decreases. It is observed that CC 2D-FGB is much more sensitive to shear deformation effect than the other 2D-FGB models.
The third order shear deformable beam theory which is employed within this paper for the solution of the buckling behavior of the two directional FGBs satisfies the zero traction boundary conditions on the top and bottom surfaces of the beam, thus a shear correction factor is not required. It allows having a better prediction of buckling response for the 2D-FGBs. Especially for thick beams, the shear deformation effect is very important and higher order shear deformation beam theories are necessary. And finally, the proposed theory provides accurate results and is efficient in solving the buckling behavior of the 2D-FGBs. 
